Abstract. We use two large collections of observational data of supernovae type Ia (SNe Ia) to investigate the polytropic Universe including the situation with a varying cosmological constant; details of our new derivations are presented. We examine the fitness of our new models of a polytropic Universe with two sets of SNe Ia data to test if these are better descriptions than the current standard model of cosmology. Beginning with the established relationships for polytropic matter we derive new equations describing the influence of polytropic matter on the expanding Universe including the situation with a varying cosmological constant. When the models derived here are tested with large sets of supernovae type I a data we find a significant influence of polytropic matter on the state of our expanding Universe. We find that one of our models with a varying Λ describes the SNe Ia data significantly better than the, ΛCDM, standard model.
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Introduction
For the past twenty years, the physicst notice the importance of the cosmological constant Λ due to the results of new astronomical investigations [4, 7, 18, 33] . Later on, the cosmological constant is assumed to be one of the prospects of the dark energy term being the main cause of the accelerated expansion of the universe announced by the observation groups using orbiting satellites such as the Cosmic Background Explorer (COBE) from the cosmic microwave background (CMB) [16] , the WMAP [19] and the PLANCK mission from the microwave and infrared spectral regions [2] . Finally, the astronomers reached the observational evidence for the cosmological constant with the analysis of supernovae type Ia (SNe Ia) data. The analysis showed that the intervening of the cosmological constant is better fitted to the Friedmann-Robertson-Walker (FRW) model [27, 29] . However, the data analysis of the PLANCK group has the shortcomings via the requirement of many nuisance parameters, simultaneously, which implies the estimates of the Hubble constant and density parameters is effected from the fitting errors.
As a result of the mentioned disabilities of the standard ΛCDM model on fitting the SNe Ia, CMB and SDSS data, the physicsits attempted to variate the physical interpretation and mathematical structure of the ΛCDM model to fix these problems [17, 23, 25, 26, 28] . One of these problems is to estimate the H 0 from SNe Ia, Planck satellite and the SDSS data [3, 8] . While the SNe Ia data determines the value of The Hubble constant about 73-74 km s −1 Mpc −1 , PLANCK group announces the value about 68-70 [3] . In addition, this value is estimated to be about 72-74 km s −1 Mpc −1 by another investigation with SNe Ia and Cepheid variable star data [5] . The reson of different estimations on H 0 is considering different amount and interactions of constituents and complications of Universe [31] .
In the community, it has been expressed more concretely that the cosmological models for explaining the observed universe should be stricly modified for the past two decades [9, 10] . One of these modifications methods have been proposed by us [24, 25] and others [15, 37] with an evolving cosmological constant and a modified equation of state (EoS) parameter, ω [6, 11, 22, 32, 34] . These modified and complicated models seem to be successfull on estimating better solutions for H 0 , and density parameters, and explaining the cosmological constant and dark energy, and in addition to arrive the best fit to observational data.
Inspired by the solution of Lane-Emden equation for a self-gravitating polytropic fluid [20] , it is natural to think of the material component of the universe as a fluid in a polytropic adiabatic precess. Here we use the tools of polytropic solutions to estimate the influences of polytropic matter and radiation densities on the nature of our Universe expansion. These more general solutions allow us to simultaneously better estimate the distance of far distant galaxies with the values of normalized matter densities, the cosmological constant and possible spacetime curvature. To this aim we first derive two different solutions of the FriedmannRobertson-Walker (FRW) model with a varying cosmological constant, Λ, and contrast these with the current standard model of cosmology, ΛCDM, with a fixed cosmological constant.
Beginning with the established equation of state for a polytropic system we derive FRW variants, one for a Λ being energy density dependent for our expanding Universe and another solution with Λ being dependent on the square of Hubble constant. We think both situations possible as these correlate with the history of our expanding Universe. We then cast both new solutions in terms of the normalized parameters; Ω p , Ω Λ and Ω k . These solutions allow our derivations to be evaluated with large collections of supernovae data.
Because we have not introduced and extra dimension or field we can check the fitness of our models by analyzing the data from two supernovae type Ia (SNe Ia) collections. The older collection, the Gold data, was published by the group headed by [30] and the second, more recently released, is the larger Union2.1 collection [35] . We use the tabulated distance modulus, with associated error as a function of the redshift with robust regression for model comparison.
Aidabatic expansion of polytropic Universe
Regarding the perfect fluid constituent of the universe as a polytropic fluid, we need to solve the Lane-Emden equation being a version of the Poisson's equation for the sphericallysymmetric polytropic fluid. The solution of equation is obtained by the polytropic equation of state of the fluid. The solution describes the evolution of pressure and energy density of the fluid with the polytropic index γ. Considering the polytopic fluid in isothermal process leads to Chandrasekhar equation [14] .
We consider an expanding universe insisting of an adiabatic polytropic fluid and a varying cosmological constant. An adiabatic polytropic process is defined by the equation pV γ = Constant where p is the fluid pressure and γ = C p /C V . We assume the constituents of the universe are polytropic fluid materials, radiation and the cosmological constant Λ. The equation of state for the adiabatic polytropic fluid is presented in the Appendix A as
The explicit values of K and γ can be obtained as in the Appendix B. We then proceed by writing the two Friedmann equations
2)
Here the cosmological constant is assumed to be time dependent Λ = Λ(t), G is Newton's gravitational constant, a is the expansion factor, R is our universe radial distance and ρ and p are the energy density and pressure of the polytropic fluid content plus radiation, respectively. Note thatȧ andä are the first and second derivatives of the expansion factor with respect to time.
Taking the derivative of (2.2) with respect to time gives
Equating both right hand sides of (2.3) and (2.4) yields tȯ
where we have replaced (2.1) with p. It is assumed that the polytropic material contributes to the pressure of the universe with the radiation component and the relation between the pressure and correspondingly the energy density of polytropic matter and radiation is obtained by following the steps in Appendix B using the definition of polytropic equation of states for adiabatic (isentropic) process in Appendix A. Since equation (B.6) is the total pressure of polytropic matter and radiation, the energy density and pressure in the Friedmann equations describe the total values for matter and radiation constituents. In order to find the exact solution of energy conservation equation (2.5), we need to consider the explicit time dependency of cosmological constant Λ for two possible cases.
Energy density dependency
We use Λ = Aρ in (2.5) to obtaiṅ
Rearranging (2.6) and integrating both sides presents us with
We express the integrand in a rational form as
where C is the integration constant. Integrating the left side of (2.8) and rearranging leads to
where our M represents not mass but the term
Solving (2.9) for the matter density yields
By using the present day values of t = t 0 and ρ = ρ 0 and a(t 0 ) = 1 in (2.11), we can solve for C as 12) and inserting this into (2.11) we find the energy density
(2.13)
We now rearrange (2.2) in which energy density (2.13) is used to obtain the luminosity distance 14) and by taking square root and rearranging (2.14) gives us
We use the normalized density parameters beginning with Ω i = ρ i /ρ c , where ρ c is the critical energy density and ρ i is the energy density of different matter species, for instance baryons and neutrinos. We continue with the list of commonly used normalized parameters as 16) for the polytropic fluid, cosmological constant and space-time curvature, respectively. Ω p stands for the total density parameter of matter and radiation components in terms of the polytropic matter density. The contribution of each part is described by the ratio parameter β. Here, the critical density is ρ c = 3H 2 0 /8πG and γ = 4/3 for the polytropic fluid. We then substitute (2.13) and (2.16) into (2.15) to yield 17) and after substitution with the normalized parameters we get
where
0 /a M ). From the radial null geodesic condition of the FRW metric, we obtain 19) and after inserting this into (2.18) we must integrate both sides to get
where we have used k = −R 2 0 H 2 0 Ω k . We must now change the variable y = √ Ω k R 0 H 0 r on the left hand side of integral (2.20) leading to
Here, D L = R 0 r/a is used and sinn refers to sin for negative spacetime curvature and to sinh for positive spacetime curvature. We also need to change the variable in the integral of (2.21) from the scale factor a to redshift z using a = 1/(1 + z) so that we arrive at 
The term M in (2.10) can also be obtained from the value of A, where Λ = Aρ and
For a flat universe M = Ω p since Ω p + Ω Λ = 1, and for a curved universe
Hubble parameter dependency
For the Hubble parameter dependency of the cosmological constant we use Λ = 3AH 2 = 3A(ȧ/a) 2 in (2.5) and obtain the energy conservation equation aṡ
The last term in the parentheses is obtained from (2.2) and (2.3) for a flat universe and is required to derive an analytical solution for energy density of the polytropic fluid as followṡ
This differential equation has the same form as equation (2.7) and can be solved by following the same steps as for (2.8) and (2.9); 27) where C is the integration constant and N = 1 − A. Using present day t 0 values for a(t 0 ) = 1 and ρ = ρ 0 in (2.27), we obtain the constant C as 28) which is used in equation (2.27 ) to obtain the energy density
(2.29)
To obtain the luminosity distance D L , we substitute the energy density of equation (2.29) into (2.15) with γ = 4/3 and k = 0 for a flat universe, such that
and we use the density parameters from equation (2.16) in this as Equating both right hand sides of (2.31) and (2.32) yields 33) and using D L = R 0 r a gives us
We then convert the integration variable from the scale factor to the redshift as in equation
To find N = 1 − A we use Λ = 3AH 2 for t = t 0 , and we get
and since we are considering a flat universe, Ω p + Ω Λ = 1.
Comparing the luminosity distance, D L , results in (2.35) and (2.23) for the special case of a flat universe with M = N = Ω p , we notice that both are identical. So we conclude that the polytropic solutions with varying cosmological constant (∝ ρ and ∝ H 2 ) have the same luminosity distance results -for a flat universe.
Non-varying cosmological constant
This case was previously studied by [24] , where the derivative of Λ with respect to time in equation (2.5) vanishes. Therefore, we proceed with A = A = 0 for equations (2.6) and (2.25) and the energy density now has the form
(2.37)
Here M = N = 1 for the ρ and H 2 independent Λ. Therefore, the luminosity distance is obtained as in equation (2.22) 
for a flat universe.
Results: Testing models with astronomical data
In the previous section we present the polytropic universe model with a cosmological constant both varying and constant over time. In Section 2.1 we propose the cosmological constant varies with energy density ρ, while it varies with the square of Hubble parameter H 2 in Section 2.2 and a non-varying cosmological constant in Section 2.3. We test the usefulness of these model fit using SNe Ia data of the Gold [30, 36] and Union2.1 [35] collections. We use the distance magnitudes and associated errors along with the related redshifts from both collections. For the flat polytropic universe with a varying cosmological constant, we fit the luminosity distance D L (2.23) and (2.35) to both Gold and Union2.1 data. We also fit the D L value in (2.39) to both Gold and Union2.1 data for the flat polytropic universe with a non-varying cosmological constant. Moreover, we use the distance (2.22) for a non-flat polytropic universe with a varying cosmological constant, and use (2.38) for a non-flat polytropic universe with a non-varying cosmological constant, then fit these distance values with the Gold data only.
To compare the models and obtain the nuissance parameters with the observational data, we perform the regression analysis of χ 2 minimization routine for the µ th modulus values of our theoretical models and the observational µ ob values,
where Ω k vanishes for the flat model fits, h is the dimensionless constant in Hubble parameter (H=100h), σ i 's are the error values in µ ob values in the observational data. We totally have four polytropic models from which we obtain the theoretical µ th values. From equations (2.23) and (2.35) we calculated modulus values for flat polytropic universe with a varying cosmological constant, and we compare it by both Gold and Union2.1 data in χ 2 minimization procedure. We also determine the µ value in (2.39) for flat polytropic universe with a nonvarying cosmological constant, and compare that again by both Gold and Union2.1 data in χ 2 minimization. Furthermore, we calculate µ modulus for (2.22) for a non-flat polytropic universe with a varying cosmological constant, and for (2.38) for a non-flat polytropic universe with a non-varying cosmological constant, and compare both modulus by Gold data only. In all µ th values, we use D L term in megaparsec (Mpc), such that 
where D L is a function of nuissance parameters of (Ω p , Ω k , h, β) for non-flat models in (2.22) and (2.38), and of (Ω p , h, β) for flat models in (2.23), (2.35) and (2.39). After designating the model abbreviation in Table 1 , we list regression parameters as the fit values for (Ω p , h, β) and χ 2 values for flat models, and for (Ω p , Ω k , h, β) and χ 2 values for non-flat models in Table 2 and Table 4 for the Gold Data and Union2.1 Data, respectively. Since the model function is too complex to be optimized by classical optimization algorithms, the minimization process fall into the local optimum many times. Therefore, we applied meta-heuristic optimization methods, such as 'genetic algorithm' and 'simulated annealing algorithm', to minimize the χ 2 values for our four models. These random fitting minimization routines fall into the local optimum, and we therefore obtained the fitted functions by using some non-informative priors as the fixed regression parameters in classical optimization algorithm. The prior used fitting values for the variables (Ω p , Ω k , h, β) are listed in Table 3 and Table 5 for Gold and Union2.1 Data, respectively, with the corresponding χ 2 values.
In order to find the best model, we perform the statistical performance evaluations; Bayesian Information Criteria (BIC) and Akaike Information Criteria (AIC). The BIC is defined as −2 ln L + k ln n, AIC is defined as −2 ln L + 2k where n is the number of data pairs, k number of parameters and L is the likelihood function, such that
Since the exponent term in L is the summand in the χ 2 , BIC and AIC values can be obtained easily from χ 2 values for each of the six results, which are listed in Table 2 -5. According to the information criteria values, 3rd model NFlat-Varying has the best random fit values with least AIC-BIC in Table 2 , 2nd model Flat-Const is best function with least AIC-BIC values for the prior used minimization in Table 3 for Gold Data. Moreover, 1st Flat-Varying model has the best random and prior fit values in Tables 4 and Table 5 for Union2.1 Data. After the best model test with χ 2 , we study the curve fit of each model independently in order to investigate whether each single model is accurate, or not? We present the diagrams for the observed and estimated distance modulus versus redshift values for our four polytropic models. Observational Hubble diagram for Gold data is illustrated in Fig. 1 , while the polytropic flat and non-flat model diagrams are presented We infer from the statistical determination coefficient r 2 and error values in Table 6 and Table 7 that all the models are accurate with the observational data. These r 2 values are for the statistical measures of how close the data are to the fitted model, and 100 percent indicates that the model explains data perfect. Fstat test (Anova) which is the test for the inaccuracy of the model gives p − value = 0.000 for all models. Therefore, we could interpret that all the models are accurate with 95 percent confidence.
Conclusions
We consider a FRW universe consisting of a polytropic matter constituent with the associating radiation part being the solution of Lane-Emden equation, and the cosmological constant constituent. We investigate both flat and curved FRW universe with a varying and nonvarying cosmological constant cases. Totally, we consider four polytropic models designated in Table 1 . The flat FRW universe consisting of the polytropic material and a varying cosmological constant corresponds to Model 1 and a non-varying cosmological constant corresponds to Model 2. On the other hand, the non-flat (curved) FRW universe consisting of the polytropic material and a varying cosmological constant corresponds to Model 3 and a non-varying cosmological constant corresponds to Model 4.
For each model, we first set the Friedmann equations and solve them to obtain the total energy densities. Then, we proceed by determining the luminosity distances for the proposed methods from the corresponding energy densities and Friedmann equations. These distance values are used to obtain the theoretical modulus values µ th for which we perform the data analysis with the observational Gold and Union2.1 data sets. Since these data sets include the observational modulus values and associated errors in µ ob , we could perform the χ 2 mininization process in order to find the best fit model with the prior and fit parameters in Tables 2-5 . The minimzations procedure yields the best fit model as the Model 2 for the Gold data, and Model 1 for the Union2.1 data sets.
These results show that the flatness assumption for the geometry of universe can be accepted as a better estimation on the shape of Universe. Also constant Lambda model in a flat polytropic universe are more consistent with the Gold data observations, while the varying Λ model are in Union2.1 data. This fact presents that the recent observations of Suzuki's group supports the idea of a varying cosmological constant instead of a non-varying cosmological constant idea. This may cause due to the improving measurement accuracy of the recent observational instruments.
Also, we evaluate the model accuracy to the data sets by performing the r 2 and Anova tests while results are given in Tables 6 and 7 for gold and Union2.1 data sets. According to these results we find all four polytropic models are consistent with the data.
These results imply that considering the constituents of the universe as a polytropic matterial with the associating radiation part and expressing the total pressure and density of the polytropic material and radiation in terms of the matter leads to a convenient scheme for the flat and curved FRW universes with a varying cosmological constant. In addition, our Model 2 with a χ 2 of 340 in 3 presents a better fit than the standard ΛCDM model with a We hope these alternatives interpretations on the nature of our universe in terms of the species of constituents and the behavior of the constituents will provide a better understanding of the physics underlying the cosmos, and a better estimation of cosmological parameters for the astronomers and physicists.
A Adiabatic polytropic equation
We derive the the equation of state for a fluid in an adiabatic polytopic process. The specific heat coefficients are given as
where C p and C V are the specific heat at constant pressure and volume, respectively, and R is the gas constant. Using both equations in (A.1) gives
Also the equation of state for an ideal gas is given as where ρ is the density, and T is the temperature. The entropy of the gas is given by:
Since dQ is differential change in heat, for an adiabatic process it is zero and therefore dS = 0 =⇒ C p dT T = R dp p .
(A.5) Substituting (A.3) in (A.5) yields C p dT = dp ρ =⇒ C p R d p ρ = dp ρ , (A.6) Differentiating (A.6) gives
Inserting (A.2) into (A.7) leads to where we obtain the polytropic index of γ = 4/3 in (A.10) which will be used throughout the whole paper for our fluid constituent of the universe in a polytropic adiabatic process.
